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Abstract
In this paper, it is shown that some necessary characteristic conditions for unique extremality obtained by Zhu and Chen are
also sufficient and some sufficient ones by them actually imply that the uniquely extremal Beltrami differentials have a constant
modulus. In addition, some local properties of uniquely extremal Beltrami differentials are given.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
Let R be a hyperbolic Riemann surface and let QC(R) be the space of all quasiconformal mappings f from R to
a variable Riemann surface f (R). The Teichmüller space T (R) is the space of these mappings factored by an equiv-
alence relation. Two mappings, f and g, are equivalent if there is a conformal mapping c from f (R) onto g(R)
and a homotopy through quasiconformal mappings ht mappings R onto g(R) such that h0 = c ◦ f , h1 = g and
ht (p) = c ◦ f (p) = g(p) for every p in the ideal boundary of R. Let [f ] or [μ] denote the equivalence class of
a quasiconformal mapping f in QC(R), where μ is the Beltrami differential of f . Therefore, the Teichmüller space
T (R) may be represented as the space of equivalence classes of Beltrami differentials μ in the unit ball M(R) of the
space L∞(R). The equivalence class of the zero differential is the basepoint of T (R).
Given f ∈ QC(R), let μ ∈ M(R) be the Beltrami differential of f . Let K[f ] = 1+‖μ‖∞1−‖μ‖∞ denote the maximal
dilatation of f . We define
k0
([μ])= inf{‖ν‖∞: ν ∈ [μ]}
and
K0[f ] = K0
([μ])= 1 + k0([μ])
1 − k0([μ]) .
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for any other ν ∈ [μ]. We call that a Beltrami differential μ is of constant modulus if |μ| is a constant a.e. on R.
For any μ, define h∗(μ) to be the infimum over all compact subsets E contained in R of the essential supremum
norm of the Beltrami differential μ(z) as z varies over R\E. Define h([μ]) to be the infimum of h∗(μ) taken over all
representatives μ of the class [μ]. It is obvious that h([μ]) k0([μ]). Following [2,4], we call a point [μ] in T (R) a
Strebel point if h([μ]) < k0([μ]).
Let A(R) be the space of integrable quadratic differentials ϕ holomorphic on R and let A1(R) be the unit sphere
of A(R). By Strebel’s frame mapping theorem, every Strebel point [μ] is represented by a unique Beltrami differential
of the form k|ϕ|/ϕ, where k = k0([μ]) ∈ (0,1) and ϕ is a unit vector in A1(R).
Two elements μ and ν in L∞(R) are infinitesimally equivalent, which is denoted by μ ≈ ν, if ∫∫
R
μφ dx dy =∫∫
R
νφ dx dy for all φ ∈ A(R). Denote by N(R) the set of all the elements in L∞(R) which are infinitesimally
equivalent to zero. Then B(R) = L∞(R)/N(R) is the tangent space of the Teichmüller space T (R) at the zero point.
Given μ ∈ L∞(R), we denote by [μ]B the set of all elements ν ∈ L∞(R) infinitesimally equivalent to μ, and set
‖μ‖ = inf{‖ν‖∞: ν ∈ [μ]B}. (1.1)
We say that μ is infinitesimally extremal (in [μ]B ) if ‖μ‖∞ = ‖μ‖, infinitesimally uniquely extremal if ‖ν‖∞ > ‖μ‖
for any other ν ∈ [μ]B .
In a parallel manner we can define the boundary dilatation for the infinitesimal Teichmüller class [μ]B . The bound-
ary dilatation b([μ]B) is the infimum over all elements in the equivalence class [μ]B of the quantity b∗(ν). Here b∗(ν)
is the infimum over all compact subsets E contained in R of the essential supremum of the Beltrami differential ν as
z varies over R − E.
An infinitesimally equivalent class [μ]B is called an infinitesimal Strebel point if ‖μ‖ > b([μ]B). It follows from
the infinitesimal frame mapping theorem (see Theorem 2.4 in [6]) that if [μ]B is an infinitesimal Strebel point, then
there exists a unique vector ϕ in A1(R) such that μ and ‖μ‖|ϕ|/ϕ are infinitesimally equivalent.
In [1], Božin, Lakic et al. gave a series of characteristic conditions for a Beltrami differential μ to be (infinitesi-
mally) uniquely extremal. For simplicity, we state parts of characteristic conditions in the special case.
Theorem A. Let μ be a Beltrami differential in M(R) with constant modulus. Then the following conditions are
equivalent:
(a) μ is uniquely extremal in its class [μ] in T (R);
(b) μ is infinitesimally uniquely extremal in its class [μ]B in B(R);
(c) for every measurable subset E of R with nonzero measure, there exists a sequence of unit vectors ϕn in A1(R)
such that
1∫
E
|ϕn|
(
‖μ‖∞ − Re
∫
R
μϕn
)
→ 0, as n → ∞;
(d) μ is extremal in [μ] and, for every compact subset E of R with nonzero measure and every r > 0, [μχE +
1
1+r μχR−E] is a Strebel point in T (R);
(e) μ is infinitesimally extremal in [μ]B and, for every compact subset E of R with nonzero measure and every r > 0,
[μχE + 11+r μχR−E]B is an infinitesimal Strebel point in B(R).
In [16], removing the restriction of “μ with constant modulus,” Zhu and Chen claimed some simpler sufficient
conditions and some new necessary conditions for unique extremality which we include as follows.
Theorem B. If μ ∈ M(R) is (infinitesimally) extremal, and for every compact subset E of R there exists a sequence
of unit vectors ϕn in A1(R) such that
1∫
E
|ϕn|
(
‖μ‖∞ − Re
∫
R
μϕn
)
→ 0, as n → ∞,
then μ is (infinitesimally) uniquely extremal.
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(1) If μ ∈ M(R) is extremal, and for every compact subset E of R with nonzero measure and every r > 0, [μχE +
1
1+r μχR−E] is a Strebel point in T (R), then μ is uniquely extremal.
(2) If μ ∈ L∞(R) is infinitesimally extremal, and for every compact subset E of R with nonzero measure and every
r > 0, [μχE + 11+r μχR−E]B is an infinitesimal Strebel point in B(R), then μ is infinitesimally uniquely extremal.
(3) If μ ∈ M(R) is uniquely extremal, then for every compact subset E of R with nonzero measure and every r > 0,
either [μχE + 11+r μχR−E] is a Strebel point in T (R), or μr = μχE + 11+r μχR−E is uniquely extremal.
(4) If μ ∈ L∞(R) is infinitesimally uniquely extremal, then for every compact subset E of R with nonzero measure and
every r > 0, either [μχE + 11+r μχR−E]B is an infinitesimal Strebel point in T (R), or μr = μχE + 11+r μχR−E
is infinitesimally uniquely extremal.
In this paper, we will show that, the necessary conditions for unique extremality in Theorem C(3), (4) are also
sufficient ones, respectively. As a whole, we give a new characterization for unique extremality as follows.
Theorem 1. Suppose μ 	= 0 is extremal with ‖μ‖∞ = k. Then the following conditions are equivalent:
(1) μ is uniquely extremal in T (R);
(2) μ is infinitesimally uniquely extremal in B(R);
(3) for every compact subset E of R with nonzero measure and every r > 0, either μr = μχE + 11+r μχR−E is
uniquely extremal, or [μχE + 11+r μχR−E] is a Strebel point in T (R);
(4) for every compact subset E of R with nonzero measure and every r > 0, either μr = μχE + 11+r μχR−E is
infinitesimally uniquely extremal, or [μχE + 11+r μχR−E]B is an infinitesimal Strebel point in B(R).
Suppose μ ∈ L∞(R) is extremal with ‖μ‖∞ = k. Let E be a measurable set in R with nonzero measure. We define
δ(μ,E) = inf
{
1∫
E
|ϕ|
(
k − Re
∫
R
μϕ
)
: ϕ ∈ A1(R)
}
.
The sufficient conditions as described in Theorems B and C(1), (2) are actually sufficient for μ to be (infinitesi-
mally) uniquely extremal with constant modulus. The following theorem provides a more subtle characterization of
uniquely extremal Beltrami differentials with constant modulus than Theorem A itself.
Theorem 2. Suppose μ 	= 0 is extremal with ‖μ‖∞ = k. Then the following conditions are equivalent:
(1) μ is uniquely extremal in T (R) with constant modulus k;
(2) μ is infinitesimally uniquely extremal in B(R) with constant modulus k;
(3) for every compact subset E of R with nonzero measure and every r > 0, [μχE + 11+r μχR−E] is a Strebel point
in T (R);
(4) for every compact subset E of R with nonzero measure and every r > 0, [μχE + 11+r μχR−E]B is an infinitesimal
Strebel point in B(R);
(5) for every compact subset E of R with nonzero measure, δ(μ,E) = 0.
Remark 1. In [15], the author and Qi Yi proved that, under the assumption of Theorem 2, there exists some com-
pact subset E of R with nonzero measure such that δ(μ,E) > 0 if and only if there exists an extremal in [μ] with
nonconstant modulus.
In addition, we prove that unique extremality implies local extremality in certain sense which is of independent
interest.
Theorem 3. Suppose μ 	= 0 is (infinitesimally) uniquely extremal with ‖μ‖∞ = k. Then for any measurable subset E
of R with nonzero measure
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(B)
sup
{Re ∫
E
μϕ∫
E
|ϕ| : ϕ ∈ A1(R)
}
= ‖μ‖E. (1.2)
Theorem 3 strengthens Theorem 2.1 in [7] by Reich since we remove the restriction IntE 	= ∅.
2. Some lemmas
The first lemma is inspired by the lemma in [8] and is a generalized version of Lemma 1 in [16].
Lemma 1. If μ ∈ M(R) is extremal with ‖μ‖∞ = k, then for every measurable subset E of R with nonzero measure
and every r > 0, the Beltrami differential μr = μχE + 11+r μχR−E has the property k0([μr ]) k1+r .
Proof. See Lemma 1 of [16]. 
Lemma 2. If μ ∈ L∞(R) is infinitesimally extremal with ‖μ‖∞ = k, then for every measurable subset E of R with
nonzero measure and every r > 0, the Beltrami differential μr = μχE + 11+r μχR−E has the property ‖μr‖ k1+r .
Proof. See Lemma 2 of [16]. 
Lemma 3. Suppose that μ 	= 0 is infinitesimally extremal with ‖μ‖∞ = k and there exists a compact subset E of R
with nonzero measure such that δ(μ,E) = γ > 0. Then [μr ]B = [μχE + 11+r μχR−E]B is an infinitesimal non-Strebel
point and ‖μr‖ = k1+r for every r ∈ [0, γk ).
Proof. Suppose [μr ]B is an infinitesimal Strebel point for some r  0. Then by infinitesimal frame mapping theorem,
there exists a unit vector ϕ in A1(R) such that μr and ‖μr‖ |ϕ|ϕ are infinitesimally equivalent. By Lemma 2, we have
‖μr‖ k1+r . Therefore, we have
k
1 + r 
∫
R
‖μr‖ |ϕ|
ϕ
ϕ =
∫
R
μrϕ =
∫
E
μϕ +
∫
R−E
μ
1 + r ϕ.
Thus,
k − Re
∫
R
μϕ  kr
∫
E
|ϕ|.
Hence,
r  1
k
∫
E
|ϕ|
(
k − Re
∫
R
μϕ
)
 γ
k
.
Thus, [μr ]B is an infinitesimal non-Strebel point for every r ∈ [0, γk ). Hence, ‖μr‖ = b([μr ]B)  k1+r . Again by
Lemma 2, we must have ‖μr‖ = k1+r . 
Lemma 4. Suppose μ in L∞(R) is infinitesimally extremal with ‖μ‖∞ = k. If there exists a compact subset E of R
with nonzero measure such that δ(μ,E) = γ > 0. Then for any given r ∈ (0, γ
k
), there exists an extremal Beltrami
differential ν ∈ [μ]B such that |ν| k1+r on E.
Proof. Since μ satisfies δ(μ,E) = 0 on E, applying Lemma 3 to E, we conclude that, for any given r ∈ (0, γ
k
),
[μr ]B = [μχG + 1 μχR−E]B is an infinitesimal non-Strebel point and ‖μr‖ = k .1+r 1+r
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μ − μr =
{
rμ(z)
1+r , z ∈ R − E,
0, z ∈ E.
Therefore,
‖μ + η − μr‖∞  ‖η‖∞ + ‖μ − μr‖∞ = k1 + r +
rk
1 + r = k.
Since μ is infinitesimally equivalent to ν = μ+ η −μr , ν is infinitesimally extremal in [μ]B . In addition, ν = η on E
and hence |ν| k1+r on E. Thus, Lemma 4 follows. 
3. Proof of Theorem 2
By virtue of Theorems A and C, we only need to show that, (3) and (4) separately imply (5), and (5) implies (1).
(3) ⇒ (5). By Lemma 1, we have k0([μr ]) s = k1+r . Since [μr ] is a Strebel point for any r > 0, by Strebel’s frame
mapping theorem, there exist sr = k0([μr ]) s and a unit vector ϕ in A1(R) such that μr and sr |ϕ|ϕ are equivalent.
Therefore, by the Main Inequality [3,10], we have
1 + s
1 − s 
1 + sr
1 − sr = K0
([μr ])
∫
R
|ϕ| |1 + μrϕ/|ϕ||
2
1 − |μr |2 .
Let λ = μ1+r . We have
1 + s
1 − s 
∫
R−E
|ϕ| |1 + λϕ/|ϕ||
2
1 − |λ|2 +
∫
E
|ϕ| |1 + μϕ/|ϕ||
2
1 − |μ|2 = X + Y,
where
X =
∫
R
|ϕ| |1 + λϕ/|ϕ||
2
1 − |λ|2 , Y =
∫
E
|ϕ|
[ |1 + μϕ/|ϕ||2
1 − |μ|2 −
|1 + λϕ/|ϕ||2
1 − |λ|2
]
.
By a simple computation,
X 
1 + s2 + 2 Re ∫
R
λϕ
1 − s2 ,
Y = 2(2r + r2)∫
E
|μ|2|ϕ|
(1 − |μ|2)[(1 + r)2 − |μ|2] + 2r Re
∫
E
(1 + r + |μ|2)μϕ
(1 − |μ|2)[(1 + r)2 − |μ|2]
 2kr
(1 − k)(1 + r − k)
∫
E
|ϕ|.
Thus,
1 + s
1 − s 
1 + s2 + 2 Re ∫
R
λϕ
1 − s2 +
2kr
(1 − k)(1 + r − k)
∫
E
|ϕ|,
namely,
2
(
s − Re
∫
R
λϕ
)
 2kr(1 − s
2)
(1 − k)(1 + r − k)
∫
E
|ϕ|.
Therefore, we get
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∫
R
μϕ  (1 + r + k)kr
(1 − k)(1 + r)
∫
E
|ϕ| k(1 + k)r
1 − k
∫
E
|ϕ|.
Letting r → 0, we can deduce (5).
(4) ⇒ (5). By the same reasoning as proving Lemma 3, for any r > 0, there exists a unit vector ϕ ∈ A1(R) such
that
k − Re
∫
R
μϕ  kr
∫
E
|ϕ|,
which implies (5).
(5) ⇒ (1). By Theorem A, it suffices to show that, (5) implies that μ has a constant modulus. Suppose to the
contrary. Then there exists a compact subset E of R with nonzero measure such that ‖μ‖E = esssupz∈E |μ(z)| < k.
We have
δ(μ,E) = inf
{
1∫
E
|ϕ|
(
k − Re
∫
R
μϕ
)
: ϕ ∈ A1(R)
}
 inf
{
k
∫
E
|ϕ| − Re ∫
E
μϕ∫
E
|ϕ| : ϕ ∈ A1(R)
}
 k − ‖μ‖E > 0,
which contradicts the hypothesis.
The proof of Theorem 2 is completed.
Remark 2. Suppose μ is extremal and E is a compact subset E of R with nonzero measure. From the proof of
Theorem 2, it is not difficult to see that, if there exists a sequence of rn > 0 with limn→∞ rn = 0 such that every
[μrn] = [μχE + 11+rn μχR−E] is a Strebel point, then δ(μ,E) = 0. We do not know if the converse is true; precisely,
we pose the following problem.
Problem 1. Let μ ∈ M(R) be extremal and suppose that for some given compact subset E in R, δ(μ,E) = 0. Can
we say that there exists a sequence of rn > 0 with limn→∞ rn = 0 such that every [μrn] = [μχE + 11+rn μχR−E] is a
Strebel point?
4. Proof of Theorem 3
Suppose μ ∈ L∞(R) is extremal. If there exists a constant l, 0 < l < ‖μ‖∞, such that η = μ on E = {z: |μ(z)| l}
and ‖η‖∞ = ‖μ‖∞, then η is called an admissible variation of μ.
Lemma 5. Suppose μ is (infinitesimally) uniquely extremal, then every admissible variation of it is also (infinitesi-
mally) uniquely extremal.
Proof. Assume that η is an admissible variation of μ. By the definition every admissible variation of η is also one of μ.
Thus, the Characterization Theorem in [1] implies that η is naturally uniquely extremal since μ is (infinitesimally)
uniquely extremal. 
Proof of Theorem 3. (A) Suppose to the contrary. Then there would exist a measurable subset E of R with nonzero
measure and with ‖μ‖E = k such that
δ(μ,E) = inf
{
1∫
E
|ϕ|
(
k − Re
∫
R
μϕ
)
: ϕ ∈ A1(R)
}
= γ > 0.
Put r = γ4k . Then there exists a compact subset G of E with nonzero measure such that ‖μ‖G  k1+r . Evidently,
δ(μ,G) δ(μ,E) = γ > 0.
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fers from μ in [μ]B since ‖ν‖G < ‖μ‖G, which contradicts the unique extremality of μ. This provides the desired
conclusion.
(B) Note that
δ(μ,E) = inf
{
1∫
E
|ϕ|
(
k − Re
∫
R
μϕ
)
: ϕ ∈ A1(R)
}
 inf
{‖μ‖E ∫E |ϕ| − Re ∫E μϕ∫
E
|ϕ| : ϕ ∈ A1(R)
}
.
When ‖μ‖E = k, (1.2) follows readily from (1) just proved.
If ‖μ‖E = 0, (1.2) is evident. Now, suppose 0 < ‖μ‖E < k. Set
η =
{
μ(z), z ∈ R − E,
k
‖μ‖E μ(z), z ∈ E.
Then η is an admissible variation of μ and hence is (infinitesimally) uniquely extremal by Lemma 5. Thus, ‖η‖E = k,
and applying (A) to η and E, we have
0 = δ(η,E) = inf
{
1∫
E
|ϕ|
(
k − Re
∫
R
ηϕ
)
: ϕ ∈ A1(R)
}
 inf
{‖η‖E ∫E |ϕ| − Re ∫E ηϕ∫
E
|ϕ| : ϕ ∈ A1(R)
}
= k‖μ‖E inf
{‖μ‖E ∫E |ϕ| − Re ∫E μϕ∫
E
|ϕ| : ϕ ∈ A1(R)
}
.
Therefore, (1.2) is obtained. This completes the proof of Theorem 3. 
It is well known that μ ∈ M(R) is extremal if and only if μ has a so-called Hamilton sequence ϕn ∈ A1(R) such
that ∫
R
μϕn = ‖μ‖∞.
If μ is uniquely extremal, Theorem 3(B) shows that μ is “locally extremal” on any measurable subset of nonzero
measure (in virtue of Sheretov’s terminology [11] or see [13]); moreover, Theorem 3(A) means stronger condition
than local extremality on subsets with essential supremum equal to ‖μ‖∞. A natural question is whether the converse
of Theorem 3 holds; in other words, are the conditions (A) and (B) sufficient for μ to be uniquely extremal? The
answer is negative. A nonuniquely extremal Beltrami differential μ given by Theorem 1(2) in [14] is locally extremal
and actually satisfies (A) and (B). Of course, μ is of nonconstant modulus.
If μ is extremal and for any compact subset E of R with nonzero measure, δ(μ,E) = 0, then μ is uniquely extremal
by Theorem 2. However, up to the present, we have little knowledge about the following problem.
Problem 2. Suppose μ ∈ L∞(R) with ‖μ‖∞ = k. If for any open set E in R, δ(μ,E) = 0, can we say that μ is
uniquely extremal?
5. Proof of Theorem 1
When μ has a constant modulus, it is clear that μr = μχE + 11+r μχR−E is not (infinitesimally) extremal, and hence
this theorem follows immediately from Theorem A or Theorem 2. Now, assume that μ is not of constant modulus. By
the Characterization Theorem in [1] and Theorem C, it remains to show that (3) implies (1) and that (4) implies (2).
(3) ⇒ (1). It is sufficient to prove that, if μ is extremal instead of being uniquely extremal, then there exists a
compact subset E of R with nonzero measure such that [μr ] is not a Strebel point and μr is not uniquely extremal for
some r > 0.
Since μ is not of constant modulus, there exists a compact subset E of R with nonzero measure such that ‖μ‖E < k.
Choose r > 0 such that k1+r > ‖μ‖E . It is easy to see that μr is extremal and 11+r μ is an admissible variation of μr .
However, μr is not uniquely extremal because, otherwise, by Lemma 5 μ1+r is uniquely extremal and furthermore,
μ is uniquely extremal. In the setting, it is evident that [μr ] is not a Strebel point.
(4) ⇒ (2). It almost takes word by word from the above and so is skipped.
38 G. Yao / J. Math. Anal. Appl. 343 (2008) 31–396. Concluding remarks
From Theorem 1, we obtain the following precise description on the conditions for which μr is uniquely extremal
or [μr ] is a Strebel point.
Corollary 1. Suppose that μ is uniquely extremal. Let μr = μχE + 11+r μχR−E be given by a compact subset E of R
with nonzero measure and some r > 0. Then,
(1) μr is uniquely extremal if and only if ‖μ‖E  k1+r ;
(2) [μr ] is a Strebel point if and only if ‖μ‖E > k1+r .
Proof. (1) If ‖μ‖E  k1+r , then [μ] is a non-Strebel point since μ is uniquely extremal with nonconstant modulus.
Therefore, μ has a degenerating Hamilton sequence. By a simple computation, one is easy to prove that μr is also
extremal with the same degenerating Hamilton sequence. We continue to show that μr is uniquely extremal. Suppose
to the contrary. Then Theorem 1 tells that [μr ] is a Strebel point. Thus, μr is just the Strebel representative of [μr ]
and hence is uniquely extremal, a contradiction.
Conversely, if μr is uniquely extremal, it is obvious that ‖μ‖E  k1+r since ‖μr‖ = k1+r .
(2) If ‖μ‖E > k1+r , then it follows directly from Theorem 1 that [μr ] is a Strebel point since obviously μr is not
extremal.
Conversely, if [μr ] is a Strebel point, we show that ‖μ‖E > k1+r . Suppose not. Then, the inequality ‖μ‖E  k1+r
holds and hence by (1) just proved, μr is uniquely extremal. Therefore, there exists a unique vector ϕ ∈ A1(R) such
that μr = μ1+r |ϕ|/ϕ. We then get the representative of μ,
μ(z) =
⎧⎨
⎩
k
1+r
|ϕ|
ϕ
, z ∈ E,
k
|ϕ|
ϕ
, z ∈ R − E.
Whereas, the Second Removable Singularity Theorem of [5] (see Theorem 2.3 in [9, p. 113] or Lemma 3 in [12])
shows that μ must have a constant modulus, a contradiction. 
The following infinitesimal version of Corollary 1 follows easily from the above proof.
Corollary 2. Suppose that μ is infinitesimally uniquely extremal. Let μr = μχE + 11+r μχR−E be given by a compact
subset E of R with nonzero measure and some r > 0. Then,
(1) μr is infinitesimally uniquely extremal if and only if ‖μ‖E  k1+r ;
(2) [μr ]B is an infinitesimal Strebel point if and only if ‖μ‖E > k1+r .
At last, we note that Problem 1 obviously has a positive answer if μ is uniquely extremal since δ(μ,E) = 0 implies
that ‖μ‖E = k > k1+r for all r > 0.
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